Universality in the Decay and Revival of Loschmidt Echoes by Hwang, Myung-Joong et al.
Universality in the Decay and Revival of Loschmidt Echoes
Myung-Joong Hwang,1, ∗ Bo-Bo Wei,2, 3, ∗ Susana F. Huelga,1 and Martin B. Plenio1
1Institut fu¨r Theoretische Physik and IQST, Albert-Einstein-Allee 11, Universita¨t Ulm, D-89069 Ulm, Germany
2School of Science and Engineering, The Chinese University of Hong Kong, Shenzhen, Shenzhen 518172, China
3Center for Quantum Computing, Peng Cheng Laboratory, Shenzhen 518055, China
A critically enhanced decay of the Loschmidt echo is characteristic of sudden quench dynamics near
a quantum phase transition. Here, we demonstrate that the decay and revival of the Loschmidt echo
follows power-law scaling in the system size and the distance from a critical point with equilibrium
critical exponents. We reveal such dynamical scaling laws by analyzing relevant perturbations to
the Loschmidt echo cast in a scaling invariant form. We confirm the validity and the generality
of the predicted dynamical scaling laws with a diverse range of critical models such as Ising spin
models with a short and long range interaction, a finite-component system phase transition, and
a topological phase transition. Moreover, using the integrability of systems in the thermodynamic
limit, we derive such scaling laws analytically from a microscopic analysis. Our finding promotes
the Loschmidt echo to a quantitative non-equilibrium probe of criticality and allows for quantitative
predictions on the role of criticality on various physical scenarios where the Loschmidt echo is central
to describing non-equilibrium dynamics.
Introduction.— Physical properties of systems under-
going phase transitions exhibit non-analytic behavior at
a critical point [1]. In addition to local order param-
eters and correlators of physical observables, through
which phase transitions are typically characterised [1],
the wave function itself exhibits an abrupt change near
critical points of phase transitions, which can be cap-
tured by the quantum fidelity [2], an overlap between two
ground states, and its susceptibility [3]. Remarkably, the
fidelity and fidelity susceptibility exhibit scaling laws like
thermodynamic observables near critical points and such
scaling laws make the quantum fidelity a general probe of
phase transitions and their universality [2, 4–16, 18–24].
A Loschmidt echo (LE), defined as the fidelity between
an initial ground-state and its time-evolved state under
a quenched Hamiltonian [25], is a dynamical analogue of
the ground-state fidelity, whose behavior is also strongly
influenced by the presence of a critical point [4, 27, 28].
When both initial and final parameters of a quench pro-
tocol are near a critical point, the LE exhibits oscillatory
behavior consisting of a rapid decay followed by a re-
vival [4, 27–37]. The essential feature found is that the
initial decay becomes progressively sharper and the re-
vival period longer as one moves closer to the critical
point or increase the system size, for a fixed quench size.
While this so-called critically enhanced decay of LE has
been suggested as a probe of phase transitions [4, 27, 28],
its wide applicability has been hindered by a lack of
quantitative scaling laws, analogous to those derived ear-
lier for the quantum fidelity. Moreover, as the LE is
a central notion to characterize a variety of phenomena
in non-equilibrium dynamics ranging from decoherence
in the central spin model [38, 39], the effects of non-
Markovianity [40], and the statistics of quantum work
distributions [41, 42], such quantitative scaling laws for
the LE could shed new light on the role of criticality in
these non-equilibrium dynamics.
In this letter, we establish universal dynamical scaling
laws for the critical decay of LE and thereby promote the
LE as a quantitative non-equilibrium probe of criticality.
This is achieved in two steps, connecting two seemingly
disparate properties of LE near a phase transition: (i) We
first show that a scaling transformation based on scaling
dimensions of relevant parameters leave the equation of
motion for LE and thus the LE itself invariant. (ii) We
then identify the critical decay of LE as a consequence
of perturbatively breaking its scaling invariance due to
either reduced system size or increased quench size away
from the critical point. Using this strategy, we find dy-
namical scaling functions of LE and derive a power-law
decay of LE for increasing system sizes and decreasing
distances from a critical point, solely in terms of equilib-
rium critical exponents.
We then use various critical models to confirm the va-
lidity and the generality of the predicted scaling laws for
the LE. The considered models range from the transverse
field Ising chain (TFIC) [5] and the Lipkin-Meshkov-
Glick (LMG) model [44], which are spin models with
a short and long range interaction, respectively, to the
quantum Rabi model (QRM) [45] which is a paradigmatic
example of a finite-component system phase transition of
coupled spins and bosons [3, 47, 48]. In particular, using
the LMG model and the QRM, we derive analytically the
scaling laws from the microscopic models that agree with
the general scaling analysis and also show that the LE is
lower-bounded by the ground-state fidelity. In addition,
we consider the Su-Schrieffer-Heeger (SSH) model [6] to
demonstrate the existence of scaling laws of LE for a
topological phase transition.
Scaling laws of the Loschmidt echo.— We consider a
family of Hamiltonians H(λ) = H0 + λH1 controlled by
λ, and a sudden quench protocol where λ is changed from
λi to λf and the initial state |ψ0(λi)〉 is the ground state
ar
X
iv
:1
90
4.
09
93
7v
1 
 [q
ua
nt-
ph
]  
22
 A
pr
 20
19
2of H(λi). The LE of such a quench protocol is defined as
L(N,λi, λf , t) = |
〈
ψ0(λi)|e−itH(λf )|ψ0(λi)
〉 |2. (1)
Suppose that H(λ) undergoes a second-order quantum
phase transition (QPT) at λ = λc ≡ 1 in the thermo-
dynamic limit (N → ∞), characterized by a diverging
correlation length ξ ∼ |λ− λc|−ν and a vanishing energy
gap ∆ ∼ |λ − λc|νz with ν and z being the critical ex-
ponents. We define λi = λc − δλ and λf = λi − g and
assume δλ, g > 0 for a simplicity. The goal of this section
is to establish scaling laws for the critical decay of LE,
solely determined by the critical exponents z and ν. Be-
low, we use standard scaling arguments and techniques
to arrive at proposed scaling relations. While these tech-
niques may be made rigorous by a renormalisation group
analysis, we verify the correctness of the so obtained scal-
ing relations for the LE at the hand of concrete examples
in the next sections.
The first step is to establish a scaling invariance of
the LE near the critical point through its equation of
motion [50], which reads
dL(N, δλ, g, t)
dt
= −i 〈ψ0(λi)|[H(λf ), ρ(t)]|ψ0(λi)〉 , (2)
where ρ(t) = e−itH(λf )|ψ0(λi)〉〈ψ0(λi)|eitH(λf ) and L(t =
0) = 1. In a scaling limit of N−1, δλ, g  1, the most
remarkable aspect of a critical system is that a renormal-
ization of the system size N → N/b leaves the partition
function invariant [51]. This fact dictates how system pa-
rameters and operators (O) should scale upon the renor-
malization of N → N/b, which are expressed in terms of
the scaling dimensions [O], defined as O → Ob[O]. Us-
ing the known scaling dimensions [1, 51], let us define a
scaling transformation,
N˜ = b−1N, t˜ = b−zt, δ˜λ = b1/νδλ, g˜ = b1/νg. (3)
In addition, we have the scaling dimension of the critical
Hamiltonian, H˜(λc) = b
zH(λc) and H˜1 = b
z−1/νH1 [14].
Under the transformation Eq. (3), the equation of mo-
tion Eq. (2) and the initial condition L(t = 0) = 1 are
invariant and therefore the LE has a scaling invariance,
L(N, δλ, g, t) = L(Nb−1, δλb1/ν , gb1/ν , tb−z). (4)
The above scaling invariance agrees with an earlier con-
jecture and numerical results [4, 40, 52]. Below, we an-
alytically derive the above scaling invariance from a mi-
croscopic analysis of a certain class of models, thereby
confirming its validity for all parameter ranges beyond
the reach of numerical calculations.
The second step is to connect the scaling invariance
of the LE to its critically enhanced decay, which at
first sight don’t seem to be related as the minimum of
the LE remains unchanged under the transformation,
thus no critically enhanced decay. Suppose, however,
that we repeat the renormalization procedure n times,
L(N, δλ, g, t) = L(Nb−n, δλbn/ν , gbn/ν , tb−nz). This sys-
tem remains in the scaling limit only when the rescaled
parameters continue to satisfy 1N b
n, δλbn/ν , gbn/ν  1.
The first parameters to exceed unity defines the most
relevant perturbation breaking of the scaling invari-
ance [51, 53] and we show that this leads to the critical
decay of LE.
We first examine δλ, g  1/N , in which case 1/N be-
comes relevant perturbation when Nb−n ∼ 1. Therefore
we substitute bn by N in Eq. (4), which leads to a dy-
namical scaling function
L(N, δλ, g, t) = Ψ1
(
N1/νδλ,N1/νg,N−zt
)
. (5)
The minimum of the LE satisfies Lmin(N, δλ, g) =
min
D
Ψ1
(
N1/νδλ,N1/νg,D
)
= Ψmin1
(
N1/νδλ,N1/νg
)
with D ≡ N−zt = Dmin. From Dmin = N−z1 tmin,1 =
N−z2 tmin,2, tmin for different N are related by tmin,1 =
tmin,2(N1/N2)
−z. For δλ = 0, using the fact that
Ψmin1 = 1 at g = 0 (no quench) and the Taylor expansion
of Ψmin1 for N
1/νg  1, we find
1− Lmin(N, g) = 1−Ψmin1
(
0, N1/νg
)
∝ (gN1/ν)2.(6)
This power law governs the onset of the critical enhance-
ment of the LE decay as one increases N .
Next, we consider 1N , δλ
ν  gν where g represents the
most relevant perturbation for gbn/ν ∼ 1. Therefore, by
trading bn for g−ν in Eq. (4), we find another dynamical
scaling function,
L(N, δλ, g, t) = Ψ2
(
N−1g−ν , g−1δλ, gνzt
)
, (7)
from which we define Lmin(N, δλ, g) =
min
D¯
Ψ2
(
N−1g−ν , g−1δλ, D¯
)
= Ψmin2
(
N−1g−ν , g−1δλ
)
.
In this case, we have tmin,1 = tmin,2(g2/g1)
zν . At δλ = 0,
the scaling variable of Ψmin1 and Ψ
min
2 are identical, i.e.,
N1/νg, and therefore we have a single scaling function for
both parameter regime, Ψmin ≡ Ψmin1 |δλ=0 = Ψmin2 |δλ=0.
In the next section, we confirm the existence of the single
dynamical scaling function Ψmin(N1/νg) by numerical
results. Unlike the model independent asymptotic
scaling in Eq. (6), we find that critical models may
exhibit qualitatively different asymptotic scaling of the
Ψmin(N1/νg) for N1/νg  1. For the critical models
with a few effective degrees of freedom, such as LMG
model and QRM, in the next section, we find the
finite-size scaling for the critically enhanced decay of the
LE for N  1,
Lmin = Ψ
min(N1/νg) ∝ N−z for N1/νg  1, (8)
and the critical scaling in the thermodynamic limit,
lim
N→∞
Lmin ∝ δλzν . (9)
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FIG. 1. Universal scaling of the Loschmidt echo (LE) in the
transverse field Ising chain. (a). The LE L(N, δλ, g, t) with
δλ = 0.02 and g = 0.01 as a function of time for different
system sizes, N = 100, 200, 300 and 400 (from top to bottom).
(b) Scaling invariance of LE given in Eq. (4). We take N =
100, δλ = 0.02, g = 0.01 and ν = z = 1. All the data for
b = 1, 1/2, 1/3, and 1/4 collapses onto a single curve. (c,d)
The data collapse of the LE minimum as a function of N1/νg
with δλ = 0 for different values of N and g satisfying (c)
N1/νg  1 and (d) N1/νg  1.
.
On the other hand, for the interacting models such as
TFIM and SSH model where there are many modes par-
ticipating in the LE dynamics, we find an exponential
decay of LE [Fig. 1-(c)].
Implications— Let us briefly remark on the important
implications of our finding before confirming its validity
using concrete examples. We note that the LE can be
experimentally measured for a generic critical system by
probing the decoherence dynamics of a single qubit that
is globally coupled to the critical model [4, 27, 28, 39].
Therefore, the scaling laws of LE, Eq. (4)-(9), allow one
to extract universal properties of QPTs, such as the loca-
tion of QCP, all the critical exponents and the universal
scaling functions, from measured LE data without any
prior knowledge on the nature of critical point. While we
considered the T = 0 case, the scaling laws survive for
a finite-temperature T by a proper rescaling of temper-
ature T → bzT at a low temperature and by a dynam-
ical decoupling at a high temperature [54]. Moreover,
the LE is directly linked to the quantum Fisher informa-
tion [55], which underpins recently proposed measures
of non-Markovianity and can be related to information
backflow [56–58]. On the basis of our result, the quan-
titative relation for non-Markovianity and criticality ob-
served in Ref. [40] can now be argued to hold for any
critical environment. Finally, as the LE is the charac-
teristic function of the quantum work distribution in a
sudden quench process [41, 42], the scaling laws for LE
also implies that the quantum work distribution for a
critical system is universal.
Transverse field Ising models.— Now we turn our at-
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FIG. 2. Universal scaling of the LE in the QRM. (a) The
LE at δλ = 0 for ηgν = 2, 4.47, 10. For each η1/νg, the
LE for η = 1000/b with b = 1, 1/2, and 1/3 are presented
(b) Dynamical scaling function of LE. For a rescaled time
t˜ = tb−z, all data for different η and g collapse onto a single
surface. (c) Data collapse of Lmin at δλ = 0 as a function
of N1/νg. The power-law decay at ηgν  1 agrees with the
predicted η−z. (d). The critical scaling of Lmin in the limit
η →∞ with an exponent νz = 1/2.
.
tention to concrete critical models to show the applicabil-
ity of the predicted scaling laws. First we consider Ising
models in a transverse field [5], namely,
H = −
N∑
i,j=1
[Jijσ
x
i σ
x
j + Jλσ
z
j ]. (10)
Here σx,y,zj denotes the Pauli operator for jth spin,
Jij the interaction between ith and jth spins, λ the
strength of transverse field. We will consider two lim-
iting cases of both short and long-range interactions;
the first is the transverse field Ising chain (TFIC) with
Jij = Jδi+1,j and the second is the Lipkin-Meshkov-Glick
(LMG) model with Jij = J/N . Both models exhibit
a QPT at λ = 1 that belong to different universality
classes. Namely, TFIC belongs to the Ising universality
class with critical exponents ν = z = 1 [1] and the LMG
model to the class of infinitely-coordinated models with
ν = 3/2 and z = 1/3 [59], which includes QRM consid-
ered below.
In Fig. 1, we present numerical solutions for the LE dy-
namics of TFIC. A typical LE decay and revival dynam-
ics are shown in Fig. 1-(a) where the decay of the LE is
enhanced as N increases. For a set of parameters related
by the scaling transformation in Eq. (3), the LE dynam-
ics collapses onto a single curve [Fig. 1-(b)], showing the
scaling invariance in Eq. (4). Finally, in Fig. 1-(c,d), we
present Lmin for different values of N and g at δλ = 0
as a function of the rescaled parameter N1/νg. It shows
a perfect data collapse which confirms the existence of
the dynamical scaling function Ψmin(N
1/νg) predicted
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FIG. 3. Universal scaling of the LE in the SSH model (a)
The LE dynamics as a function of time for different system
sizes (b) Scaling invariance of LE. (c,d) The data collase of
the LE minimum as a function of N1/νg with δλ = 0 for
different values of N and g satisfying (c) N1/νg  1 and (d)
N1/νg  1. All parameters used here are identical with the
one for Fig. 1 and the Ising critical exponent z = ν = 1 are
used for scaling transformations.
.
in the previous section. Moreover, for N1/νg  1, we
observe an exponential decay [Fig. 1-(c)] with a numer-
ical fit lnLmin = 2.10 − 0.35 × (N1/νg), which can be
attributed to the fact that the number of modes partici-
pating in LE dynamics of TFIC is extensive. Finally, the
asymptotic behavior of 1 − Lmin ∝ (N1/νg)2/ν , as pre-
dicted in Eq. (6), is confirmed [Fig. 1-(d)]. In addition
to TFIC, we also confirm that all the scaling laws hold
for the long-range interaction (LMG model) and we refer
readers to Supplementary Materials [60] for the analy-
sis of LE dynamics including the derivation of scaling
laws including power-law scaling in the limit N1/νg  1
given in Eqs. (8) and (9), as well as a proof that the LE
is lower-bounded by the ground-state fidelity.
The quantum Rabi model.— Here we consider the
QRM [45],
HQRM = a
†a+
η
2
σz +
λ
√
η
2
σx(a+ a
†) (11)
where σx,z are Pauli operators and a a boson operator.
η and λ are the transition frequency and the coupling
strength, respectively, in unit of the boson frequency.
The QRM undergoes a QPT at λ = 1 in the limit of
η →∞ [3]. It belongs to the same universality class with
the LMG model and the Dicke model and the role of sys-
tem size N is played by η, which can be controlled in
experiments to reach the scaling limit [48].
For η → ∞, the effective Hamiltonian of the QRM
becomes quadratic [3] and we find the exact analytical
expression for the LE as
L(δλ, g, t) = | cosh2(z0)− e2it(1+δλ+g) sinh2(z0)|−1,
(12)
where z0 =
1
4 ln[
(
1− (1 + δλ+ g)2) / (1− (1 + δλ)2)]
and (λ) =
√
1− λ2. The first minimum of Eq. (12)
is Lmin ∝ |δλ + g|zν , which occurs at tmin = pi/(1 +
δλ+ g) ∝ |δλ+ g|−zν . Therefore, Lmin and tmin vanishes
and diverges, respectively, as δλ, g → 0. In order to re-
store the analyticity of Lmin for η < ∞, we express it
as Lmin|g→0 = |δλ|zνGmin (ηδλν) with limx→0Gmin(x) =
x−z. This leads to the finite-size scaling Lmin ∝ η−z
alluded in Eq. (8). Finally, in the supplementary mate-
rial [60], we derive an expression for the LE for finite η
and show that they are invariant under the transforma-
tion Eq. (3), which constitutes an analytical confirmation
of Eq. (4).
In Fig. 2-(a) and (b), we show the numerically calcu-
lated LE dynamics at δλ = 0 as a function of t and η1/νg.
For a fixed η1/νg, increasing η makes tmin longer while
keeping Lmin same. By rescaling of time according to
Eq. (4), we find that the LE collapses on to a 2D sur-
face, which corresponds to the dynamical scaling func-
tion Ψ1
(
η1/νδλ = 0, η1/νg, η−zt
)
in Eq. (5). Further-
more, the scaling function Ψmin(η1/νg) exhibits a power-
law decay η−z with z = 1/3 in the limit of η1/νg  1
[Fig. 2-(c)] and we also observe 1 − Ψmin(η1/νg) ∝ ην/2
(not shown). In the limit of η → ∞, we find the van-
ishing of Lmin at δλ is governed by a power-law δλ
zν
with zν = 1/2 [Fig. 2-(d)]. Finally, we find that the
LE is lower-bounded by the ground-state fidelity, i.e.
min
t
L(λi, λi − g, t) = (2F (λi, λi + g)−4 − 1)−1 where
F (λi, λi + g) ≡ 〈ψ0(λi)|ψ0(λi − g)〉 [60].
Su-Schrieffer-Heeger model.— We examine whether
the scaling law of the LE also holds for a topologi-
cal phase transition (TPT), as exemplified by the Su-
Schrieffer-Heeger (SSH) model [6],
H =
N∑
j=1
[
J1a
†
jbj + J2b
†
jaj+1 +H.c.
]
. (13)
Here aj and bj are the annihilation operators in two sub-
lattices at site j, J1(2) are hopping amplitudes. It un-
dergoes a TPT at λ ≡ J2/J1 = 1. We observe in Fig. 3
that the LE of SSH model satisfies all the scaling laws
when the Ising critical exponents ν = z = 1 are used.
This can be understood from that the SSH model can be
mapped to the quantum compass model [61, 62] whose
QPT belongs to the Ising universality class. We note that
the scaling behaviors are identical for quenches starting
in topologically trivial or non-trivial phase. Therefore,
we conclude that the LE can be used to probe the uni-
versal properties of TPTs, while it is insensitive to the
topological order.
Conclusions— We have established general scaling
laws for the LE dynamics following a sudden quench and
have confirmed its validity and generality using several
paradigmatic critical models representing different types
of phase transitions. The quantitative scaling laws allow
5one to probe criticality from the experimentally measur-
able LE dynamics [4, 27, 28, 39] for a generic critical sys-
tem without a prior knowledge on the nature of a critical
point. Furthermore, the scaling laws of LE directly im-
plies the universality of a wide range of non-equilibrium
phenomena characterized by the LE, including the statis-
tics of quantum work distribution and the quantitative
relation between Markovianity and criticality [40].
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Supplemental Material:
Supplementary Materials: Universality in the Decay and Revival of Loschmidt Echoe
SECTION A: LOSCHMIDT ECHO IN THE LIPKIN-MESHKOV-GLICK MODEL.
The Hamiltonian of the Lipkin-Meshkov-Glick (LMG) model is,
H(λ) = − J
N
∑
1≤i<j≤N
(
σxi σ
x
j + γσ
y
i σ
y
j
)
− λ
N∑
j=1
σzj , (S1)
where σαj is the Pauli matrix at site j along α = x, y, z directions, J is the ferromagnetic coupling in x− y plane and
λ is the magnetic field along z direction. Note that in addition to the Ising interaction σxi σ
x
j as written in Equation
(10) of the main text, we consider a more general Hamiltonian including σyi σ
y
j interaction controlled by asymmetry γ.
The model can be simplified by mapping to a large spin representation with definition Sα ≡
∑N
j=1 σ
α
j /2, α = x, y, z
and the large spin satisfies the commutation relations for spins, [Sα, Sβ ] = iαβγSγ . In terms of large spin, the LMG
Hamiltonian is
H(λ) = −2J
N
(S2x + γS
2
y)− 2λSz +
(1 + γ)J
2
, (S2)
= − J
2N
(1− γ)(S2+ + S2−)−
J
N
(1 + γ)
(
S2 − S2z −
N
2
)
− 2λSz, (S3)
where the raising and lowering operator are defined as S± = Sx± iSy. For γ 6= 1, the LMG model presents a quantum
phase transition at λc = 1 from paramagnetic phase (λ > 1) to ferromagnetic phase (λ < 1). The critical exponents
of the quantum phase transitions in the LMG model are ν = 3/2, z = 1/3.
I. Numerical Results of the Loschmidt echo in the LMG model
As advertised in the main text, here we present numerical results for the LE dynamics of the LMG model in
Figure S1, which confirms all the predicted scaling laws. The Loschmidt echo decays and revivals in time for different
system size N is observed (Figure S1-(a)). As the system sizes increases, the decays of Loschmidt echo are enhanced
(Figure S1-(a)). The scaling invariance of the LE presented in Equation (5) of the main text is confirmed in Figure S1-
(b) by showing the collapse of LE for a set of parameters related by the scaling transformation in Equation (3) of the
main text. The first minimum of the Loschmidt echo at the quantum critical point δλ = 0 for different values of N and
g collapse to a universal function when rescaled as N1/νg (Figure S1-(c)). In particular, in the limit of N1/νg  1, we
also see that 1−Lmin follows a power-law N2/ν as predicted in the main text(Figure S1-(c)). When δλ g, we show
the scaling of the minimum of the Loschmidt echo in the thermodynamic limit as a function of δλ (Figure S1-(d)). In
the limit of δλ → 0, we observe the minimum of Loschmidt echo decays as a power law Lmin ∝ δλzν with zν = 1/2
(Figure S1-(d)).
II. Diagonalization of the LMG model in the N →∞ Limit
The LMG model is exactly solvable in the thermodynamic limit [S1]. For completeness, we briefly review the diago-
nalization of Eq. (S2) through the Holstein-Primakoff (HP) transformation and the Bogoliubov transformation. The
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FIG. S1. Universal scaling of the Loschmidt echo in the LMG model. (a). The Loschmidt echo L(N, δλ, g, t) with δλ = 1−λi =
0.02 and g = 0.01 as a function of time for different system sizes, N = 500 (the red circle), N = 1000 (the blue square), N = 1500
(the green upper triangle) and N = 2000 (the magenta lower triangle). (b). Data collapse of the Loschmidt echo as a function
of scale parameters L(N˜ , δλ˜, g˜, t˜) with N˜ = N/b, δλ˜ = b1/νδλ, g = b1/νg, t˜ = b−zt. We take N = 500, δλ = 0.02, g = 0.01 and
ν = 3/2, z = 1/3 is exact critical exponents of the LMG model. b = 1 (the red circle), b = 1/2 (the blue square), b = 1/3 (the
green upper triangle) and b = 1/4 (the magenta lower triangle). (c). Data collapse of 1 − Lmin(N, g) as a function of N1/νg
with δλ = 0. The red circle is for N = 500 spins, the blue square is for N = 800 spins and the green triangle for N = 1000
spins. We can see that when N1/νg  1, numerical fitting gives 1−Lmin ∝ (N1/νg)α with α = 1.99, which confirms Equation
(6) in the main text. (d). The scaling of the minimum of the Loschmidt echo in the thermodynamic limit as a function of δλ
(red solid line). Numerical fit of the data gives Lmin ∝ δλzν with zν = 1/2 (blue dashed line).
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HP transformation maps the spin operators to boson operators,
Sz = S − a†a, (S4)
S+ =
√
2S − a†aa, (S5)
S− = a†
√
2S − a†a. (S6)
Here a and a† are the boson annihilation and creation operators, respectively and they satisfy the standard commu-
tation relations for bosons, [a, a†] = 1, [a, a] = [a†, a†] = 0.
In the thermodynamic limit, the magnetization of the ground state in both ordered and normal phase of the LMG can
be obtained from the semi-classical solution, where the spin operator is represented by a vector in the three dimensional
space. For λ > 1, the spins are fully polarized along the z direction. Therefore, one may choose the z direction as the
axis of quantization and thus the transformations defined in Equations (S5) and (S6) are valid. However, when λ < 1,
the spin aligns somewhere between z axis and x axis, whose angle is determined by α = arccos(λ/J). Therefore,
before applying the HP transformation, one has to bring the z axis along the semi-classical magnetization direction
8by rotating the spin operators about the y axis through SxSy
Sz
 =
 cosα 0 sinα0 1 0
− sinα 0 cosα
 S˜xS˜y
S˜z
 . (S7)
Here α = 0 for λ > 1 and α = cos−1 λ/J for λ < 1. The Hamiltonian of the LMG model becomes,
H(λ) = −2J
N
[
(cosαS˜x + sinαS˜z)
2 + γS˜2y
]
− 2λ(− sinαS˜x + cosαS˜z) + (1 + γ)J
2
. (S8)
Considering the low energy excitations and setting S = N/2, HP transformation to the rotated spin operators becomes
S˜z = S − a†a = N
2
− a†a, (S9)
S˜+ =
√
2S − a†aa =
√
N
√
1− a†a/Na, (S10)
S˜− = a†
√
2S − a†a =
√
Na†
√
1− a†a/N. (S11)
In the large N limit, we keep terms of order N ,
√
N , N0 and approximate
√
1− a†a/N by 1 in the HP transformation.
The Hamiltonian (S8) is then transformed into
H(λ) = − J
2N
(
cos2 α− γ)N (a2 + a†2)− J
N
(
cos2 α+ γ
) [N
2
(
N
2
+ 1
)
−
(
N
2
− a†a
)2]
−J cosα sinα
N
[
N
√
N(a+ a†)−
√
N(aa†a+ a†aa+ a†a†a+ a†aa†)
]
− 2J sin
2 α
N
(
N
2
− a†a
)2
+λ sinα
√
N(a+ a†)− 2λ cosα
(
N
2
− a†a
)
+
J(1 + γ)
2
, (S12)
≈
(
−J sin
2 α
2
− λ cosα
)
N − J
2
(cos2 α− 1) + J(1 + γ)
2
+
√
N sinα(−J cosα+ λ)(a+ a†)
[−J(cos2 α+ γ) + 2J sin2 α+ 2λ cosα] a†a− J
2
(cos2 α− γ)(a2 + a†2). (S13)
For λ > 1, cosα = 1 and sinα = 0, the LMG Hamiltonian is
H(λ) = −λN + J(1 + γ)
2
+ [−J(1 + γ) + 2λ] a†a− J(1− γ)
2
(a2 + a†
2
). (S14)
For λ < 1, cosα = λ/J and sinα =
√
1− λ2/J2, the LMG Hamiltonian is
H(λ) = −N
2J
[
J2 + λ2
]
+
1
2J
(
J2 − λ2)+ J(1 + γ)
2
+
2J2 − γJ2 − λ2
J
a†a+
Jγ − λ2
2J
(a2 + a†
2
). (S15)
III. Analytic results of the Loschmidt echo in the N →∞ for λ < 1
For simplicity of notation, we take J = 1 as the unit of the energy scale. For λ < 1, the LMG Hamiltonian in the
limit of N →∞ is
H(λ) = −N
2
[
1 + λ2
]
+ 1 + 2(1− γ)a†a− (λ
2 − γ)
2
(a+ a†)2. (S16)
The above Hamiltonian can be diagonalized by introducing the squeezing operator
S(ξ) = exp
[
1
2
(
ξa†
2 − ξ∗a2
)]
, (S17)
with ξ(λ, γ) = − 14 ln 1−λ
2
1−γ being the squeezing parameter. The transformed Hamiltonian is
S†(ξ)H(λ < 1)S(ξ) = ub(λ)a†a, (S18)
9where
ub = 2(1− γ)e−2ξ(λ,γ) = 2
√
(1− γ)(1− λ2). (S19)
The ground state is then given by
|ψ0(λ)〉 = S(ξ)|0〉 = |ξ(λ, γ)〉. (S20)
Here |0〉 is the vacuum state for the bosons and |ξ(λ, γ)〉 is the squeezed state with parameter ξ(λ, γ).
The Loschmidt echo for λi < 1 and λf < 1 (γ is fixed) is defined by
L(λi, λf , t) =
∣∣∣〈ψ0(λi)|e−itH(λf )|ψ0(λi)〉∣∣∣2 . (S21)
Then we get
L(λi, λf , t) =
∣∣∣〈ξ(λi)|e−itH(λf )|ξ(λi)〉∣∣∣2 , (S22)
=
∣∣∣〈ξ(λi)− ξ(λf )|(ξ(λi)− ξ(λf ))e−2itub(λf )〉∣∣∣2 . (S23)
The overlap between two squeezed states |ξ1 = r1eiθ1〉 and |ξ2 = r2eiθ2〉 is given by
〈ξ2|ξ1〉 =
[
cosh(r1) cosh(r2)− ei(θ1−θ2) sinh(r1) sinh(r2)
]−1/2
. (S24)
Therefore the Loschmidt echo in the LMG model in the N →∞ for λi < 1, λf < 1 is
L(λi, λf , t) =
[
cosh4(x) + sinh4(x)− 2 sinh2(x) cosh2(x) cos(2tub(λf ))
]−1/2
, (S25)
where we define x ≡ ξ(λi) − ξ(λf ). Eq.(S25) means that the Loschmidt echo in the thermodynamic limit presents
periodic oscillations in time with period
Tu =
pi
ub(λf )
=
pi
2
√
(1− γ)(1− λ2f )
. (S26)
The maximum of Loschmidt echo in Eq.(S25) is always 1 and thus Loschmidt echo is fully recovered in one period.
While the minimum of Loschmidt echo in Eq.(S25) occurs when cos(2tub(λf )) = −1, i.e. the time t = (n+1/2)Tu, n =
0, 1, 2, · · · . The minimum of the Loschmidt echo is
Lmin(λi, λf ) =
(
cosh2(x) + sinh2(x)
)−1
= 2
(
e2x + e−2x
)−1
. (S27)
We note that we can write x in terms of ub,
x = −1
2
log ub(λi) +
1
2
log ub(λf ), (S28)
from which we have
e2x =
ub(λf )
ub(λi)
. (S29)
For a coupling strength that is close enough to the critical point such that we have δλ g, we have
e2z0 ∝ |δλ|−zν (S30)
where ub(1− δλ) ∝ |δλ|zν . Finally, we find the critical exponent of the minimum of the Loschmidt echo as
Lmin(δλ) ∝ δλzν . (S31)
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IV. Analytic results of the Loschmidt echo for the LMG model in the N →∞ for λ > 1
The Hamiltonian of the LMG model in the N →∞ for λ > 1 is
H = −λN + 1 + 2(λ− γ)a†a+ (γ − 1)
2
(a+ a†)2. (S32)
This Hamiltonian can also be diagonalized by introducing the squeezing operator
S(ξ) = exp
[
1
2
(
ξa†
2 − ξ∗a2
)]
, (S33)
where ξ(λ, γ) = − 14 ln λ−1λ−γ . The diagonalzied Hamiltonian is
S†(ξ)H(λ > 1)S(ξ) = pp(λ)a†a, (S34)
where pp = 2
√
(λ− γ)(λ− 1). The ground state is then given by
|ψ0(λ)〉 = S(ξ)|0〉 = |ξ(λ, γ)〉. (S35)
Here |0〉 is the vacuum state for the bosons and |ξ(λ, γ)〉 is the squeezed state with parameter ξ(λ, γ).
Similar to the case of λ < 1, the analytic expression for the Loschmidt echo in the LMG model for λ > 1 is
L(λi, λf , t) =
[
cosh2(ξ(λ0)− ξ(λ1))− e2itpp(λ1) sinh2(ξ(λ0)− ξ(λf ))
]−1
. (S36)
Then
L(λi, λf , t) =
[
cosh4(x) + sinh4(x)− 2 sinh2(x) cosh2(x) cos(2tpp(λf ))
]−1/2
. (S37)
Here we define x ≡ ξ(λi) − ξ(λf ). Eq. (S37) means that the Loschmidt echo shows periodic oscillation in time with
period
Tp =
pi
pp(λf )
=
pi
2
√
(λf − γ)(λf − 1)
. (S38)
The maximum of Loschmidt echo in Eq. (S37) is always 1 and thus Loschmidt echo is fully recovered in one period.
While the minimum of Loschmidt echo in Eq. (S37) occurs when cos(2tpp(λf )) = −1, i.e. t = (n + 1/2)Tp, n =
0, 1, 2, · · · . The minimum of the Loschmidt echo is
Lmin(λi, λf ) =
(
cosh2(x) + sinh2(x)
)−1
= 2
(
e2x + e−2x
)−1
. (S39)
Agian, by expressing x in terms of pp, we have
x = −1
2
log pp(λi) +
1
2
log pp(λf ), (S40)
from which we have
e2x =
pp(λf )
pp(λi)
∝ |δλ|−zν (S41)
for δλ  g and where we have used pp(1 − δλ) ∝ |δλ|zν . Finally, we find the critical exponent of the minimum of
the Loschmidt echo as
Lmin(δλ) ∝ δλzν . (S42)
Thus the minimum of Loschmidt echo at both sides (λ > 1 and λ < 1) has the same critical exponent zν.
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V. Ground state fidelity as a lower bound of Loschmidt echo
Here we prove that the the Loschmidt echo is lower bounded by the ground state fidelity. The ground state fidelity
between the initial and final state of the quench protocol reads
F (λi, λf ) = 〈ψ0(λi)|ψ0(λf )〉 . (S43)
Let us focus on only λ < 1 (the same calculation is straightforward for λ > 1). In the N →∞ limit, we have
F (λi, λf ) = 〈ξ(λi)|ξ(λf )〉 = cosh(x)−1/2 (S44)
By comparing this with Eq. (S27), we find that
Lmin(λi, λi + g) = (2F (λi, λi + g)
−4 − 1)−1. (S45)
Namely, we find here that a lower bound of the Loschmidt echo is determined by the ground state fidelity.
VI. Finite-size scaling of Lmin
That the minimum of Loschmidt echo is bounded by the fidelity for which the scaling theory is well-known to be
applicable [S2], we use the scaling hypothesis to derive the finite-N scaling exponent from Eq. (S31). Namely, let us
now assume that there exists an analytical function with which Lmin is expressed as
Lmin(λi, N) = |δλ|zνΦ(N1/ν |δλ|). (S46)
with limx→∞ Φ(x) being a constant to recover Eq. (S31). For N <∞, the non-analyticity at δλ = 0 can be removed
by requiring that
lim
x→0
Φ(x) ∝ x−zν . (S47)
From this, we find
Lmin(λi, N) ∝ N−z. (S48)
SECTION B: THE LOSCHMIDT ECHO IN THE QUANTUM RABI MODEL
I. Critical scaling in the η →∞ limit
We consider the normal phase of the QRM, λ < 1, whose effective Hamiltonian is given by [S3]
Hnp = ω0a
†a− ω0λ
2
4
(a+ a†)2. (S49)
This can be diagonalized by using a squeezing operator S[ξ] = exp [ 12 (ξa†2 − ξ∗a2)] with ξ = rnp(λ) where
ernp(λ) = (1− λ2)− 14 , rnp(λ) = −1
4
ln(1− λ2). (S50)
That is, we have
S†[r]HnpS[r] = np(λ)a†a (S51)
up to an additive constant and with
np(λ) = ω0e
−2r = ω0
√
1− λ2. (S52)
The ground state is
|φ0,np(λ)〉 = S[rnp] |0〉 = |rnp〉 . (S53)
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The Loschmidt echo in the normal phase is
L(λi, λf , t) = |〈φ0,np(λi)| exp[−itHnp(λf )] |φ0,np(λi)〉|2 . (S54)
whereλf = λi + g and λi = λc + δλ. First, using Eq. (S51), we find
L(λi, λf , t) =
∣∣〈rnp(λi)− rnp(λf )|(rnp(λi)− rnp(λf ))e−2itnp(λf )〉∣∣2 (S55)
=
∣∣〈z0|z0e−2itnp(λf )〉∣∣2 (S56)
where
z0 ≡ rnp(λi)− rnp(λf ). (S57)
Therefore, the analytical expression for the Loschmidt echo reads
L(λi, λf , t) =
∣∣∣cosh2(z0)− e2itnp(λf ) sinh2(z0)∣∣∣−1 ,
=
(
cosh4(z0) + sinh
4(z0)− 2 cos(2tnp(λf )) sinh2(z0) cosh2(z0)
)− 12 . (S58)
Therefore, we conclude that the Loschmidt echo oscillates in time with a period T = pi/np(λf ). The maximum value
of the Loschmidt echo is always 1, therefore, it is fully recovered in a full period. The minimum of the Loschmidt
echo occurs when
cos(2tnp(λf )) = −1. (S59)
Namely, for t = T/2 + n× T where n is an integer. Let us now examine the scaling behavior of the minimum of the
Loschmidt echo, which reads
Lmin(λi, λf ) =
(
cosh4(z0) + sinh
4(z0) + 2 sinh
2(z0) cosh
2(z0)
)− 12
=
(
cosh2(z0) + sinh
2(z0)
)−1
= 2
(
e2z0 + e−2z0
)−1
. (S60)
Using Eq. (S52), we write z0 in terms of np,
z0 = −1
2
log np(λi) +
1
2
log np(λf ), (S61)
from which we have
e2z0 =
np(λf )
np(λi)
(S62)
For a coupling strength that is close enough to the critical point such that we have δλ g, we have
e2z0 ∝ |δλ|−zν (S63)
where np(1− δλ) ∝ |δλ|zν . Finally, we find the critical exponent of the minimum of the Loschmidt echo as
Lmin(δλ) ∝ δλzν . (S64)
II. Ground state fidelity as a lower bound of Loschmidt echo
Here we analytically show that the Loschmidt echo is lower bounded by the ground state fidelity. First, let us
calculate the ground state fidelity between the initial and final state of the quench protocol,
F (λi, λf ) = 〈ψ0(λi)|ψ0(λf )〉 . (S65)
For the QRM model, in the η →∞ limit, we have
F (λi, g) = 〈rnp(λi)|rnp(λf )〉 = cosh(rnp(λi)− rnp(λf ))−1/2 = cosh(z0)−1/2. (S66)
By comparing this with Eq. (S60), we find that
Lmin(λi, λi + g) = (2F (λi, g)
−4 − 1)−1. (S67)
Namely, we find here that a lower bound of the Loschmidt echo is determined by the ground state fidelity.
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III. Finite-η scaling of Lmin
Following the same idea used for the LMG model, we use the scaling hypothesis to derive the finite-η scaling
exponent from Eq. (S64). Namely, let us now assume that there exists an analytical function with which Lmin is
expressed as
Lmin(λi, η) = |δλ|zνΦ(η1/ν |δλ|). (S68)
with limx→∞Φ(x) being a constant to recover Eq. (S64). For η < ∞, the non-analyticity at δλ = 0 can be removed
by requiring that
lim
x→0
Φ(x) ∝ x−zν . (S69)
From this, we find
Lmin(λi, η) ∝ η−z. (S70)
IV. Analytical approach for the scaling invariance of the Loschmidt echo
For a finite but large η, the low-energy effective Hamiltonian of the QRM becomes [S3]
Hnp(λ, η) = ω0a
†a− ω0λ
2
4
(a+ a†)2 +
ω0λ
4
16
1
η
(a+ a†)4. (S71)
with the quartic correction term. The Loschmidt echo is
L(λi, λf , η, t) = |〈φ0,np(λi, η)| exp[−itHnp(λf , η)] |φ0,np(λi, η)〉|2 . (S72)
As shown in Ref. [S3], the ground state |φ0,np(λi, η)〉 is very well-approximated by a squeezed state, whose squeezing
parameter r(λi, η) is determined by a following equation
3
2
λ4i
η
ξ3 + (1− λi)(1 + λi)ξ2 − 1 = 0, (S73)
where ξ = e2r(λi,η). For δλ 1, the above equation becomes invariant under a following transformation
η → η/b, , δλ→ b2/3, ξ → ξ/b1/3. (S74)
On the other hand, on the order of O[η−1], the Loschmidt echo for δλ = 0 for η  1 and g  1 has the identical
structure as the η →∞ case, but with a modified squeezing parameter r(λi, η). That is,
L(η, g, t) =
∣∣〈z|ze−2itnp(η,g)〉∣∣2 (S75)
where
z = r(λc, η)− r(λc − g, η). (S76)
Using the equilibrium scaling properties of np(η, g) [S3] where F is a scaling function, we write
L(η, g, t) =
∣∣∣〈z|ze−2itη−1/3F(gη2/3)〉∣∣∣2 (S77)
Now, we have all the ingredients to show the scaling invariance of the LE. First, the oscillating term is invariant under
η → η/b, δλ→ δλb2/3, t→ t/b1/3 (S78)
Furthermore, the parameter z becomes invariant under
η → η/b, δλ→ δλb2/3, g → gb2/3. (S79)
This is because, upon the above transformation, we have r(λc, η)→ r(λc, η)− 16 log b and r(λc− g, η)→ r(λc− g, η)−
1
6 log b and therefore the constant shift from the scaling transformation cancels out for z. By combining Eq. (S74)
and (S79), we therefore prove that
L(η, δλ, g, t) = L(Nb−1, δλb2/3, gb2/3, tb−1/3), (S80)
which agrees with the result in the main text with ν = 3/2 and z = 1/3.
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SECTION C: LOSCHMIDT ECHO IN THE TRANSVERSE FIELD ISING CHAIN
The analytical expression for the LE of TFIC is given in Ref. [S4]. For a completeness, here we provide a derivation of
the LE, which is used for a numerical evaluation of LE presented in the main text. The Hamiltonian of the transverse
field Ising chain is
H = −J
N∑
i=1
[σxi σ
x
i+1 + λσ
z
j ]. (S81)
For simplicity, we set J = 1. We impose periodic boundary condition for the Pauli spins, namely σαN+1 = σ
α
1 with
α = x, y, z. Note that Hamiltonian of TFIC has a parity symmetry P =
∏
j σ
z
j , which can take two values +1 or −1,
thus the Hamiltonian of the TFIC is block diagonalized in the subspace of P .
Performing the Jordan-Wigner transformations [S5]
σzj = 1− 2c†jcj (S82)
σ†j =
∏
i<j
(1− 2c†i ci)cj = cj
∏
i<j
σzi (S83)
σ−j =
∏
i<j
(1− 2c†i ci)c†j = c†j
∏
i<j
σzi (S84)
where ci and c
†
i are spinless fermion operators which obey anti-commutation relations {ci, c†j} = δij and {ci, cj} =
{c†i , c†j} = 0, then Hamiltonian in Eq. (S81) becomes a fermion model
H = −
N∑
j=1
[
(c†jcj+1 + c
†
j+1cj) + (c
†
jc
†
j+1 + cj+1cj)
]
− λ
N∑
j=1
(1− 2c†jcj). (S85)
Note that in the invariant subspace of P = 1, the fermion model Eq. (S85) must take anti-periodic boundary condition
cN+1 = −c1. While in the invariant subspace of P = −1, the fermion model Eq. (S85) must take periodic boundary
condition cN+1 = c1.
The transformed fermion model Eq. (S85) is quadratic form, which can be diagonalized in the momentum space.
Performing Fourier transformation with definition
cj =
1√
N
∑
k
cke
ikj , (S86)
the Hamiltonian in Equation (S85) becomes
H =
∑
k
Hk =
∑
k>0
[
2(λ− cos k)(c†kck + c†−kc−k − 1)− 2i sin k(c†kc†−k − c−kck)
]
. (S87)
The momentum k is fixed by the boundary condition of the fermion model. In the subspace, P = 1, anti-periodic
boundary is imposed for the fermions, thus kj =
(2j+1)pi
N , where j = −N2 ,−N2 + 1, · · · , N2 − 1 if N is even and
j = −N−12 , · · · , N−12 if N is odd. While in the subspace of P = −1, the fermion model should take periodic boundary
condition, the momentum is kj =
2pij
N , where j = −N2 ,−N2 + 1, · · · , N2 − 1 if N is even and j = −N−12 , · · · , N−12 if N
is odd.
Different modes of Hk commute and then we only need to diagonalize each mode separately. For a specific mode k,
the Hilbert space of Hk is four dimensional with the basis |nk, n−k〉 are |0, 0〉, |1, 0〉, |0, 1〉, |1, 1〉. Two basis states |1, 0〉
and |0, 1〉 are already eigenstates of Hk with eigenvalue 0. The remaining two states |0, 0〉, |1, 1〉 form an invariant
subspace of Hk. We thus can define a pseudo Pauli-spin τ with the basis are | ↓〉 = |0, 0〉 and | ↑〉 = |1, 1〉. Thus we
have,
Hk| ↑〉 = 2(λ− cos k)| ↑〉+ 2i sin k| ↓〉, (S88)
Hk| ↓〉 = −2(λ− cos k)| ↓〉 − 2i sin k| ↑〉. (S89)
For simplicity of notation, we define Ak = 2(λ−J cos k) and Bk = 2J sin k. In the invariant subspace, the Hamiltonian
Hk can be written as
Hk =
(
Ak −iBk
iBk −Ak
)
(S90)
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In terms of pseudo spin, we have
Hk = Akτz +Bkτy =
√
A2k +B
2
k
[
Ak√
A2k +B
2
k
τz +
Bk√
A2k +B
2
k
τy
]
= k
[
eiθkτx/2τze
−iθkτx/2
]
. (S91)
Here we define k =
√
A2k +B
2
k = 2
√
λ2 − 2λ cos k + 1 and cos θk = Ak√
A2k+B
2
k
and sin θk =
Bk√
A2k+B
2
k
. Thus the
eigenenergy of mode k are ±2√λ2 − 2λ cos k + 1. In the matrix form, the Hamiltonian of mode k is written as
Hk =
(
cos θk2 i sin
θk
2
i sin θk2 cos
θk
2
)(
k 0
0 −k
)(
cos θk2 −i sin θk2
−i sin θk2 cos θk2
)
(S92)
Thus the Loschmidt echo at zero temperature is
L(t) =
∣∣∣〈Ψ0(λi)|e−itH(λf )|Ψ0(λi)〉∣∣∣2 , (S93)
=
∏
k>0
∣∣∣∣∣
(
−i sin θ
i
k
2
, cos
θik
2
)(
cos(fkt)− i sin(fkt) cos θfk − sin(fkt) sin θfk
sin(fkt) sin θ
f
k cos(
f
kt) + i sin(
f
kt) cos θ
f
k
)(
i sin
θik
2
cos
θik
2
)∣∣∣∣∣
2
, (S94)
=
∏
k>0
∣∣∣∣∣∣
(
−i sin θ
i
k
2
, cos
θik
2
) i cos(fkt) sin θik2 − sin(fkt) sin(θfk − θik2 )
cos(fkt) cos
θik
2 + i sin(
f
kt) cos
(
θfk − θ
i
k
2
)∣∣∣∣∣∣
2
, (S95)
=
∏
k>0
∣∣∣cos(fkt) + i sin(fkt) cos(θfk − θik)∣∣∣2 . (S96)
Here we use several shorthand notation, fk ≡ k(λf ), ik ≡ k(λi) and θfk ≡ θk(λf ) and θik ≡ θk(λi).
Finally, we note that the decay and revival of the Loschmidt echo shown in Fig. 1 of the main text is for a quench
protocol where both the initial and final parameters are different from the critical point. This leads to the irregularity
in the oscillation (not perfectly periodic). When either the initial or final parameter of the quench protocol is chosen
to be at the critical point, the Loschmidt echo exhibits a periodic oscillation as shown in Fig. S2, which is similar to
numerical results shown in Ref. [S4]. We have shown the irregular dynamics in the main text to show the robustness
of the scaling invariance of the LE.
SECTION D: THE SU-SCHRIEFFER-HEEGER (SSH) MODEL
The Hamiltonian of the SSH model [S6],
H =
N∑
j=1
[
J1a
†
jbj + J2b
†
jaj+1 +H.c.
]
, (S97)
where aj and bj are the annihilation operators in two sublattices at site j, J1 and J2 are hopping amplitudes and we
define a dimensionless control parameter λ = J2/J1. It is well know that λc = 1 is the critical point of a topological
phase transitions.
Performing a Fourier transformation with the definition, aj =
1√
N
∑
k ake
ikj , bj =
1√
N
∑
k bke
ikj , the Hamiltonian
in Equation (S97) becomes
H =
∑
k
[
(J1 + J2e
−ik)a†kbk + (J1 + J2e
ik)b†kak
]
. (S98)
Introducing the spinor Γ† = (a†k, b
†
k), the Hamiltonian can be written as
H =
∑
k
Γ†HkΓ. (S99)
Here Hk is given by
Hk =
(
0 (J1 + J2e
−ik)
(J1 + J2e
ik) 0
)
(S100)
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FIG. S2. Periodic oscillation of the Loschmidt echo (LE) in the TFIM. (a). The LE L(N, δλ, g, t) with δλ = 0 and g = 0.01
as a function of time for different system sizes, N = 100, 200, 300 and 400 (from top to bottom). (b) Scaling invariance of LE
given in Eq. (4). We take N = 100, δλ = 0, g = 0.01 and ν = z = 1. All the data for b = 1, 1/2, 1/3, and 1/4 collapses onto
a single curve. (c,d) The data collapse of the LE minimum as a function of N1/νg with δλ = 0 for different values of N and g
satisfying (c) N1/νg  1 and (d) N1/νg  1.
.
For periodic boundary conditions, k = 2pim/N,m = −N/2, · · · , 0, 1, 2, · · · , N/2. We define a pseudo Pauli-spin with
the basis states | ↑〉 = |1a, 0b〉, | ↓〉 = |0a, 1b〉). In terms of pseudo spins, the Hk can be written as
Hk = (J1 + J2 cos k)σx + (J2 sin k)σy. (S101)
Thus the eigenvalues of Hk are respectively
E±(k) = ±
√
J21 + J
2
2 + 2J1J2 cos k. (S102)
The corresponding eigenstates are respectively
|Ψ+(k)〉 = 1√
2
(
eiθk
1
)
(S103)
|Ψ−(k)〉 = 1√
2
( −eiθk
1
)
(S104)
Here the θk is defined by the relation (J1 + J2e
−ik) = E+(k)eiθk .
At zero temperature, the Loschmidt echo in the SSH model is
L(t) = |〈ψ0(λi)|e−itH(λf )|ψ0(λi)〉|2. (S105)
In the SSH, we define λ = J2/J1 and take J1 = 1. Thus we have
L(λi, λf , t) =
∏
k
∣∣∣∣cos[tE+(λf , k)] + i sin[tE+(λf , k)] [(1 + λi cos k)(1 + λf cos k) + λiλf sin2 k]E+(λf , k)E+(λi, k)
∣∣∣∣2 . (S106)
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